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Abstract

1 Introduction

In this note we explain how probabilistic inference on the
Markov chain is implemented in OpenHTMM. In HTMM
[1], the pairs (topic,ψ) form a hidden Markov chain if the
parameters and the sequence of observed words are given.
The E step of the EM inference requires the computation
of posterior probabilities in this Markov chain. Finding
the most probable sequence of topics along a document
after we have finished training (i.e. we have estimated
the parameters) using EM requires MAP estimation in the
Markov chain.

The transition matrix in this Markov chain has a special
form that depends on the parametersǫ andθ. In this note
we explain how to take advantage of this special case of
a hidden Markov model for fast computation of two infer-
ence problems: (1) computation of the distribution over the
hidden (state,ψ) pairs and (2) finding the most probable
sequence of topics along the document.

The standard solution for the first problem is the Forward -
Backward algorithm (a.k.a the Alpha Beta algorithm) and
for the second problem is the Viterbi algorithm. Both re-
quireO(TK2) (whereT is the length of the chain and K is
the number of possible states). The solution described here
requires onlyO(TK) operations.

2 Definitions and standard computation of
best path using Viterbi

Let wT−1

0
= (w0, . . . , wT−1) denote the sequence ofT

words observed in a particular document. We shall use
the term “level” to refer to position in the sequence. We
hypothesize a hidden sequencezT−1

0
= (z0, . . . , zT−1)

of topics, each of which assumes a value in the set

{0, . . . ,K−1}. The topic transitions obey a Markov model
described by a transition matrix of a special form that con-
tains onlyK free parameters, rather than the usualK2−K.
In order to describe this restricted form, it is necessary to
introduce an additional random variableψi ∼ Bern(ǫ) that
governs whether or not the topic is re-drawn at random at
level i. If ψi = 0, thenzi = zi−1 deterministically; if
ψi = 1, thenzi = k with probabilityθk, k = 0, . . . ,K−1,
whereθ is a fixed multinomial. Note that even ifψi = 1,
it is possible thatzi = zi−1 (with conditional probability
θzi−1

).

Rather than encode the topic directly, the statesi in our
model at leveli comprises bothzi andψi. We use the en-
codingsi = zi + K(1 − ψi). Thus, the statesi ranges
over the2K values0, . . . , 2K−1, where the firstK values
correspond to the topic being drawn anew, and the lastK

corresponding to the topic being retained from the previous
level. The situation is most easily visualized using atrellis
diagram (See Fig. 2).

Figure 1: Trellis diagram for state sequences and associated
variables. Each node at leveli corresponds to one of the2K
possible values for the statesi. TODO: make this figure
neater and more complete.

Accordingly, the state sequencesT−1

0
= (s0, . . . , sT−1) is

governed by a probability mass functionπ over the initial



states0, along with the transition matrix(ak,k′ ) having el-
ements

akk′ =







ǫθk′ if 0 ≤ k′ < K

1 − ǫ if K ≤ k′ < 2K, k ∈ {k′ −K, k′}
0 otherwise

(1)
Note that there areK free parameters in this definition of
(ak,k′ ): there areK − 1 free parameters inθ, plus one
additional free parameterǫ.

Each topicz has an associated topic-specific multinomial
distributionp′(w|z) over wordsw. For notational conve-
nience we define

p(w|s) =

{

p′(w|z = s) if 0 ≤ s < K

p′(w|z = s−K) if K ≤ s < 2K
(2)

Using this set-up, the application of the Viterbi algorithm
becomes standard. Treating the observed word sequence
wT−1

0 = (w0, . . . , wT−1) as fixed, the probability distribu-
tion over the state sequenceST−1

0
is

Pr(sT−1

0 | wT−1

0 , π, a, p′)

= π(s0)p(w0|s0)

T−1
∏

i=1

asi−1sp(wi|s) (3)

We wish to find a state sequence that maximizes this prob-
ability. To do so, we associate with each node(i, s) in the
trellis the quantityδ(i, s) recursively defined as

δ(i, s) = max
s′

[δ(i− 1, s′)as′sp(wi|s)], (4)

for s = 0, . . . , 2K − 1, i = 1, . . . , T − 1, where we take
δ(0, s0) = π(s0)p(w0|s0). In addition, we associate with
each node abackpointer

b(i, s) = arg max
s′

[δ(i− 1, s′)as′sp(wi|s)] (5)

that records the previous state that yielded the maximum in
Eq. 4. To find a state sequence that maximizes Eq. 3, we
updateδ(i, s) using Eq. 4 successively fori = 1, . . . T −
1. The maximizing state sequence(s∗0, . . . , s

∗

T−1
) is then

obtained by abacktrackingpasss∗i−1 = bi(s
∗

i ), i = T −
2, . . . , 0, where

s∗T−1 = arg max
s
δ(T − 1, s)

2.1 Efficient Computation

In this subsection we explain how to take advantage of the
special form of the transition matrix for fast inference in
the Markov chain.

Standard computation ofδ(i, s) in equation 4 requires
O(K) for each possible states in each leveli, hence the
total run time ofO(TK2).

We shall distinguish between two different kinds of nodes
in the computation ofδ: (1) nodes among the firstK (i.e.
a topic was drawn as a result of a lottery) and (2) nodes
among the lastK (no lottery took place, the topic was sim-
ply copied from the previous level).

In the first case, we could have come to nodes in level
i from any node of the2K in level i − 1. However, the
transition probabilities from each one of these2K nodes
to the nodes in level i is the same. This means that we
need only find the most probable node in leveli − 1 and
compute:

δ(i, s) = [max
s′

{δ(i− 1, s′)}]a∗s · p(wi|s), (6)

wherea∗s denotes the transition probability from any pre-
vious state to states by lottery. Equation 6 shows that the
computation ofδ(i, s) decouples into the computation of
[maxs′{δ(i− 1, s′)}] and the computation ofa∗s ·p(wi|s).
The first term is independent ofs, hence can be computed
only once for each levelin the cost ofO(K). The second
term depends only ons and its computation requires O(1).
Hence the computation ofδ(i, s) for all 1 ≤ s ≤ K re-
quiresO(K).

In the second case, there are only two options: NodeK+ s

of thei could be approached only from nodes or from node
K + s of thei− 1 level. Hence we simply need to select

δ(i, s+K) = [ max
s,s+K

{δ(i− 1, s)ass, δ(i− 1, s+K)as+Ks}]

· p(wi|s)

(7)

Therefore the computation ofδ(i, s+K) for all 1 ≤ s ≤ K

requiresO(K) as well.

The total run time will be O(TK).

2.2 Computing Marginal Probabilities

The Estep of the EM algorithm consists of computing pos-
terior probabilities in the Markov chain. This is done using
a special version of the Forward Backward algorithm, tak-
ing advantage of the special form of the transition matrix.
The basic idea is very similar to the efficient implementa-
tion of the Viterbi algorithm (one difference is that a for-
ward pass is required).

[This section may be expanded in future]
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