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Abstract {0,..., K—1}. The topic transitions obey a Markov model

described by a transition matrix of a special form that con-
tains onlyK free parameters, rather than the usiia— K.
In order to describe this restricted form, it is necessary to
introduce an additional random variahle ~ Bern(e) that
. governs whether or not the topic is re-drawn at random at
1 Introduction leveli. If ¢ = 0, thenz; = z_, deterministically; if
¥; = 1, thenz; = k with probability,, k =0,..., K —1,
In this note we explain how probabilistic inference on thewhered is a fixed multinomial. Note that evenif; = 1,
Markov chain is implemented in OpenHTMM. In HTMM it is possible that; = z;_; (with conditional probability
[1], the pairs (topicy)) form a hidden Markov chainifthe ¢, ).

parameters and the sequence of observed words are given. o )
The E step of the EM inference requires the computatiori@ther than encode the topic directly, the statén our

of posterior probabilities in this Markov chain. Finding MCdel at level comprises both; ands);. We use the en-
the most probable sequence of topics along a documeffdingsi = zi + K(1 — ). Thus, the state; ranges
after we have finished training (i.e. we have estimated®Ver the2k valuesh, ..., 2K —1, where the firsit values

the parameters) using EM requires MAP estimation in thec©respond to the topic being drawn anew, and theAast
Markov chain. corresponding to the topic being retained from the previous

level. The situation is most easily visualized usintyedlis
The transition matrix in this Markov chain has a specialdiagram (See Fig. 2).
form that depends on the parametendé. In this note
we explain how to take advantage of this special case of
a hidden Markov model for fast computation of two infer- .
ence problems: (1) computation of the distribution over the pS| = 1 K
hidden (statey) pairs and (2) finding the most probable
sequence of topics along the document.

The standard solution for the first problem is the Forward - .
Backward algorithm (a.k.a the Alpha Beta algorithm) and p Sl= O K
for the second problem is the Viterbi algorithm. Both re-

quireO(T K?) (whereT is the length of the chain and K is

the number of possible states). The solution described here

requires onlyO (7T K') operations.

2 Definitions and standard computation of

best path using Viterbi Figure 1: Trellis diagram for state sequences and assdciate

variables. Each node at leviglorresponds to one of tid<

o1 possible values for the statg. TODO: make this figure
Letwy~" = (wo,...,wr—1) denote the sequence & i\ and more complete.

words observed in a particular document. We shall use
the term “level” to refer to position in the sequence. We
hypothesize a hidden sequenz%‘1 = (20y.-.527-1) Accordingly, the state sequens:@‘1 = (S0y...,87-1) IS
of topics, each of which assumes a value in the segoverned by a probability mass functianover the initial



states,, along with the transition matri¢ay, i) having el-
ements

e, fO<k <K
arp = 1—e FK<K <2K,ke{k—Kk}
0 otherwise

1)
Note that there aré& free parameters in this definition of
(ari): there areK — 1 free parameters id, plus one
additional free parameter

Each topicz has an associated topic-specific multinomial

distributionp’(w|z) over wordsw. For notational conve-
nience we define

fo<s< K
p(wls) =

if K <s<2K

p(w]z = s)

p(wlz =5 - K) @)

We shall distinguish between two different kinds of nodes
in the computation of: (1) nodes among the firdgt (i.e.

a topic was drawn as a result of a lottery) and (2) nodes
among the lask (no lottery took place, the topic was sim-
ply copied from the previous level).

In the first case, we could have come to nodm level
¢ from any node of theK in level i — 1. However, the
transition probabilities from each one of thesE nodes
to the nodes in level i is the same This means that we
need only find the most probable node in level 1 and
compute:

6(i,5) = [max{d(i — 1, s") Haus - p(wils), (6)

wherea,; denotes the transition probability from any pre-
vious state to state by lottery. Equation 6 shows that the

Using this set-up, the application of the Viterbi algorithm COmputation of&(li, s) decouples into the computation of
becomes standard. Treating the observed word sequenf@axs' {9(i —1,s")}] and the computation af. - p(w(s).

wé“l = (wo, ..., wp_1) as fixed, the probability distribu-

tion over the state sequensg ' is

Pr(st=t | wl™' 7 a,p)
T-1
= 7(s0)p(wo|s0) H as; 1 sp(wils) (3)
i=1

The first term is independent ef hence can be computed
only once for each leveh the cost ofO(K). The second
term depends only onand its computation requires O(1).
Hence the computation @f(i,s) forall 1 < s < K re-
quiresO(K).

In the second case, there are only two options: Nigde s
of thei could be approached only from nogler from node
K + s of thei — 1 level. Hence we simply need to select

We wish to find a state sequence that maximizes this prob-

ability. To do so, we associate with each nqdes) in the
trellis the quantityi (i, s) recursively defined as

(i, 5) = max[0(i — 1,5 )ay sp(wils)],

S

4

fors =0,...,2K—-1,i =1,...,T — 1, where we take
5(0,s9) = m(so)p(wolso). In addition, we associate with
each node dackpointer

b(i, s) = argmax[d(i — 1,5")as sp(wils)] (5)

0(i, s+ K)= [mi);({é(i —1,8)ass,0(i — 1,8+ K)astKs}]

- p(wils)

()

Therefore the computation 6i, s+ K) forall 1 < s < K
requiresO(K) as well.

The total run time will be O(TK).

2.2 Computing Marginal Probabilities

that records the previous state that yielded the maximum n
Eq. 4. To find a state sequence that maximizes Eq. 3, Wehe Estep of the EM algorithm consists of computing pos-

updated(i, s) using Eq. 4 successively for=1,...7 —
1. The maximizing state sequents, ..., s;_,) is then
obtained by aacktrackingpasss;_; = b;(sf),i = T —
2,...,0, where

Sp_q = argm?xé(T —1,s)

2.1 Efficient Computation

terior probabilities in the Markov chain. This is done using
a special version of the Forward Backward algorithm, tak-
ing advantage of the special form of the transition matrix.
The basic idea is very similar to the efficient implementa-
tion of the Viterbi algorithm (one difference is that a for-

ward pass is required).

[This section may be expanded in future]

In this subsection we explain how to take advantage of thdReferences

special form of the transition matrix for fast inference in
the Markov chain.

Standard computation of(i,s) in equation 4 requires
O(K) for each possible statein each level, hence the
total run time ofO(T K ?).
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